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Abstract. In this short notes, we discuss monotonicity formulas under 
various rescaled versions of Ricci flow. The main result is Theorem 2.1. 

1. Functionals Wefc from rescaled Ricci flow point of view 

This is the research notes when the author wrote [Li07]. In the first 
section, we discuss the relation between functionals Wekio, /> ''") and rescaled 
Ricci flow. 



In Theorem 4-3 [Li07], we have defined functionals J-k{g, f)= (kR + 



In particular, this yields the following theorem. 

Theorem 1.1. (Theorem 5.2 in [Li07]j On a compact Riemannian mani- 
fold {M,g(t)), where g{t) satisfies the Ricci flow equation for t G [0, T), the 
lowest eigenvalue Xk of the operator — 4A + kR is nondecreasing under the 
Ricci flow. The monotonicity is strict unless the metric is Ricci-flat. 

Remark 1.2. Formula (1.1) previously was found by physicists indepen- 
dently [OSW05] . We thank professor E. Woolgar for giving us the reference. 

Based on these observations, to classify expanding Ricci breathers, we 
have introduced a family of new functionals Wek which has monotonicity 
properties modeled on expanders. There is a closed relation between func- 
tional and Wek connected by rescaled Ricci fiow. Actually, this was one 
of the motivations for us to introduce Wek (see Remark 6.2 in [Li07]). 

It is well-known that there is a one-to-one correspondence between Ricci 
flow and rescaled Ricci flow. Suppose g{-,t) is a solution of Ricci flow equa- 
tion 




JM JM 



(1.2) 
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For any given function s{t), if (p{t) 



, and t = Jq ip{t)dt, then 



g{-,t) = ip{t)g(-,t) solves the rescaled Ricci flow equation 

(1-3) = -mj - ii9ij) 



and 
(1.4) 



JM 



% 
at 



—2Rij 

-A/ + |V/|2-i? 




Furthermore, (1-1) is equivalent to 
(1.5) 

JM JM 



d ^ 
dt-^k 



where wc use to denote J^kidij, f)= {kR + A/)e -^dfi. 

JM 

Notice that this rescaled Ricci flow is a generalized version which includes 
Hamilton's normalized Ricci flow as a special case. 

When s = 0, this is the monotonicity formula under Ricci flow without 
rescalc. When s < 0, we have the monotonicity under rescaled Ricci flow. By 
the same proof of Theorem 5.2 in [Li07] , we have the following monotonicity 
formula for the lowest eigenvalues under the rescaled Ricci flow. 

Proposition 1.3. On a compact Riemannian manifold {M,g(t)), if g{t) 
satisfies the rescaled Ricci flow equation (1-3) for t G [0, T) with s <0, then 
the lowest eigenvalue A of the operator — 4A + kR (k>\) is nondecreasing 
under the rescaled Ricci flow. 

Compare Proposition 1.3 with Theorem 1.1, the main difference is Propo- 
sition 1.3 fails to classify the steady state of the lowest eigenvalues which is 
crucial for applications of monotonicity formulas in general. Namely when 
the monotonicity is not strict, it yields no information. Thus one cannot 
apply this formula directly to classify steady or expanding breathers while 
the functionals Wgfe we previously introduced served well for this purpose. 

Prom the point of view of rescaled Ricci flow, it is natural for us to 
introduce functionals Wek- Using (1.5), we have 
(1.6) 

2ks^ + 2{k -1)1 \Rc - -gl'^e-f'dn + 2 [ \Rij + ViVjf- 

JM JM 



dt-^k 
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— Qei — 

In the following, if we choose s = constant, and define Wfc = Wk{g, /) = 
e^~*(^fc — ks), then 
(1.7) 

2{k-l) / \Rc- -§{^€"^(111 + 2 / \Rij + ViVjf- -gl'^e'^dp, . 

JM Jm " . 

We can write out t{t) and ip{t) explicitly. If we denote r(t) = — f^, then 

T = {—^+t). Now back to the corresponding unrescaled Ricci flow system, 
we have established 

(1.8) Wk{gJ,T)''^'T^ [ [kiR + ^) + Af]e-fdfi = Wk{g,f) 

Jm 

(1.9) 

= 2{k-iy \Rc-—g\^e-fdfi + 2T^ \R.. + ^.^.f- g\^e-fdti 
Jm Jm ^'^ 

This is the same formula of Wefe that we obtained in [Li07] . The advantage 
of this formula is, clearly, we can read that the steady states of the above 
functionals are Einstein manifolds. One can further apply this property 
to classify expanding breathers, see [Li07]. As an application to lowest 
eigenvalues, we have 

Theorem 1.4. On a compact Riemannian manifold {M,g{t)), where g{t) 
satisfies Ricci flow equation (1.2) for t G [0,7"), if A denotes the lowest 
eigenvalue of the operator — 4A + kR, then r^(A + fc^) is nondecreasing 
under Ricci flow with ^ = 1 ■ The monotonicity is strict unless the metric 
is Einstein. (See Remark 2.3.) 

Back to the rescaled Ricci flow, we have the twin theorem of the above. 

Theorem 1.5. On a compact Riemannian manifold {M,g{t)), where g{t) 
satisfies the rescaled Ricci flow equation (1.3) fort G [0, T) with s = constant, 
if X denotes the lowest eigenvalue of the operator —iA + kR, then e~^*(A — 
ks) is nondecreasing under the rescaled Ricci flow. The monotonicity is 
strict unless the metric is Einstein. (See Remark 2.3.) 

Remark 1.6. One can find applications of the above theorems in Kdhler 
Ricci flow, in which case, one can choose s to he constants. 

2. Monotonicity of lowest eigenvalues under rescaled Ricci flow 

A direct consequence of (1.6) yields the following monotonicity property. 

Theorem 2.1. On a compact Riemannian manifold (M'^,g{t)), where g{t) 
satisfies the rescaled Ricci flow equation (1.3) fort G [0, T), we denote \{t) to 
he the lowest eigenvalue of the operator —AA + kR (k > l)at time t. Assume 
that there exists a function ip{x,t) G C°°(M"' x [0,r)), such that s{t) = 
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^'^^^^j'e-'v'd^ — ~' '^^'^ ^^^^ ^^^^ ^ family oft, then A is nondecreasing 
under the resettled Ricei flow, provided s < 0. The monotonicity is striet 
unless the metric is Einstein. 

Proof. To simplify notations, we remove all the " in (1.6). Under the 

hypothesis of the theorem, proceed as before, we have 

(2.1) 

f = f (A - fcs) + 2(fe - 1) / \Rc - -gfe-^ii + 2 / \Rij + ViVjf - -g\'' 

where e 2 is the eigenfunction of A. We know s < 0, and by definitions of 

A, s, we have X < ks and (A — ks) > 0. Hence, 

(2.2) 

^ > 2(A; - 1) / \Rc - -gfe-^ da + 2 iRi^ + ViVif - -oPe"-^ da. 
Jm n Jm n 

This completes the proof of the theorem. □ 

Remark 2.2. (1.6) can he obtained by direct computations instead of using 
resettling of the metrics. 

Remark 2.3. In the proof of Theorems I.4, 1-5, and 2.1, when k = 1, 
one actuttlly first prove thttt it is tt compttct grttdient expanding (or steady) 
Ricci soliton, then by the known classification theorems, we know it must be 
Einstein. 

In case of Hamilton's normalized Ricci flow, where s = is the 

average total scalar curvature, and one can choose (p{t) = lnVol{M'^), we 

have 

Corollary 2.4. On a compttct Riemannittn manifold {M^,g{t)), where g{t) 
satisfies the normalized Ricci flow equation of Hamilton for t G [0,T), if \{t) 
denotes the lowest eigenvalue of the opertttor — 4A + kR (k > 1 )ttt time t, 
assume X{t) is a family oft, then A is nondecrettsing under the normttlized 
Ricci flow, provided the average total scalar curvature is nonpositive. The 
monotonicity is strict unless the metric is Einstein. 

Remark 2.5. The above monotonicity property of lowest eigenvalues under 
normalized Ricci flow is dimensionless ttnd work for all k > 1 and the case 
of k > 1 cttn be used to classify compact steady or expanding Ricci breathers 
directly, which, in fact, yields another proof for Corollary 8.1 in [Li07]. See 
references of related results in [Ha88], [Iv93], [Pe02], [GROUP07], [Ca07a] 
and [LiOT]. 

Remark 2.6. Similar results of Corollary 2.4 appeared recently in [CaOTb] . 
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In the special case k = 1, recall Perelman's A = XV ^ invariant [Pe02]. 
Since normalized Ricci flow preserves the volume and A is a scale invariant, 
the monotonicity of lowest eigenvalues under normalized Ricci flow is equiv- 
alent to the monotonicity of A under Ricci flow. Naturally, one could extend 
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this definition and introduce a new scale invariant constant = XkVn 
which also has monotonicity properties along (normalized) Ricci flow and 
vanishes if and only if on an expanding Einstein manifold (instead of ex- 
panding gradient solitons in the k = 1 case). 

Remark 2.7. There is some fundamental relation between A and the Yam- 
abe constant y discussed in [AIL07] and the references therein. Similar 
results can also be obtained for A^ . 
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